We analyze the anisotropy of turbulence in an electrically conducting fluid in the presence of a uniform magnetic field, for low magnetic Reynolds number, using the quasi-static approximation. In the linear limit, the kinetic energy of velocity components normal to the magnetic field decays faster than the kinetic energy of component along the magnetic field [Moffatt, JFM 28, 1967]. However, numerous numerical studies predict a different behavior, wherein the final state is characterized by dominant horizontal energy. We investigate the corresponding nonlinear phenomenon using Direct Numerical Simulations. The initial temporal evolution of the decaying flow indicates that the turbulence is very similar to the so-called "two-and-a-halfdimensional" flow [Montgomery & Turner, Phys. Fluids 25(2), 1982] and we offer an explanation for the dominance of horizontal kinetic energy.
I. INTRODUCTION
In most geophysical and astrophysical flows, turbulence is affected by forces that distort significantly some of its scales in an anisotropic manner, such as the Lorentz force arising from the presence of an external magnetic field in a conducting fluid. This specific turbulent dynamics forced by an imposed magnetic field is found in liquid metals flows, be they of geophysical nature-the melted iron core of the earth-or of academic interest in the laboratory 1 . More recent laboratory experiments use sodium or gallium, whereas liquid sodium is used in industrial configurations (such as a French fast breeder reactor Superphénix).
Generally, the motion of turbulent liquid metals is governed by magnetohydrodynamics (MHD): an induction equation for the fluctuating magnetic field ought to be coupled to the Navier-Stokes equations, and the latter equations are modified in turn by the Lorentz force, as a feedback from the magnetic field. In the presence of an external magnetic field, such MHD coupling results in new dissipative terms, of Ohmic nature, and selectively damped waves, the Alfvén waves 2 . In these cases (liquid metal), the magnetic diffusivity in the induction equation is greater than the molecular viscosity in the Navier-Stokes equations (i.e. the magnetic Prandtl number is small compared to one).
As discussed in section II, if, in addition, the magnetic Reynolds number is small enough, the linear regime no longer admits Alfvén waves solutions, and the effect of the Lorentz force reduces to anisotropic ohmic (or Joule) dissipation term. In this approximation, the induction equation is so drastically simplified that it does not require a specific study at all.
Forgetting the possible inhomogeneities arising from the presence of boundaries or interfaces in the latter flows, the fact is that homogeneous anisotropic turbulence remains far less studied than isotropic turbulence. In the context of low magnetic Reynolds numbers, the response of initially isotropic turbulence to a static magnetic field is nonetheless documented, in pioneering theoretical works 2 , many numerical 3-6 and experimental studies 1 .
One of the main properties of this kind of flow is the suppression of the three-dimensional motion due to anisotropic linear Joule dissipation, leading to a flow without variations in the direction of the imposed magnetic field. In the linear and inviscid regime, this final state is characterized by the following scaling of the vertical fluctuating velocity component w, along the magnetic field, and the horizontal ones u and v:
However, recent numerical simulations of low magnetic Reynolds number turbulence show that the horizontal kinetic energy is dominant, at least at large scales 5,7 . In the latter articles, the departure from equation (1) may be due to forcing schemes used to maintain the turbulence in a quasi-steady state. Another explanation proposed by Knaepen et al.
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is that molecular viscosity might play a role in the decay of quasi-static MHD turbulence.
Note that the decrease of the kinetic energy along the magnetic field has also been reported in a model based on the quasi-static approximation, but incorporating a non-isotropic model for viscous dissipation 9 . In this article, we present results of Direct Numerical Simulations (DNS) in order to analyze this nonlinear phenomenon, which is up to now considered as a restoration of isotropy, but still has to be elucidated 10 .
II. GOVERNING EQUATIONS AND NUMERICAL SIMULATIONS
We consider initially isotropic homogeneous turbulence in an incompressible conducting fluid, in which u v w The fluid is characterized by a kinematic viscosity ν, a density ρ and a magnetic diffusivity η = (σµ 0 ) −1 ; σ is the electrical conductivity, µ 0 the magnetic permeability. The initial rms velocity is u 0 , the integral length scale l 0 . The Reynolds number and its magnetic counterpart are Re = (u 0 l 0 )/ν 1 and
The flow is submitted to a uniform vertical magnetic field B 0 scaled as Alfvén speed as
The ratio between the eddy turnover time and the Joule time is the magnetic interaction number N = (B 2 0 l 0 )/(ηu 0 ). Within the quasi-static approximation, which implies that the asymptotic limit R M goes to zero, but is nonetheless valid for R M < 1,
8 the NavierStokes equations become
where F is the rotational part of the Lorentz force, ∆ The simulations are freely decaying, since forcing would hinder the natural development of anisotropy, which is the focus of this work.
III. RESULTS FOR THE QUASI-STATIC CASE
A. Kinetic energy and Reynolds stress tensor (1) is indeed observed when nonlinear interactions are removed. In the nonlinear simulations, the horizontal kinetic energy decays slower than the vertical one, which is consistent with previous observations 5, 7 .
In order to identify the origin of this phenomenon, we study the evolution of the Reynolds stress tensor R ij = u i (x)u j (x) and its anisotropic contents
K is the total kinetic energy and δ ij is the Kronecker symbol. Considering the axisymmetry of the flow about the axis of B 0 , only one of the diagonal terms is relevant 14 . Figure 3 where θ is the polar angle between the wave vector k and the axis of symmetry, E(k) is the spherically-averaged kinetic energy spectrum, Z(k) is the polarization spectrum (see below). This decomposition is easier described in polar-spherical coordinates (see figure 4) with unit toroidal vector e (1) and poloidal vector e (2) . Due to incompressibilityû(k) · k = 0,
: each Fourier mode has a toroidal contributionû (1) and a poloidal oneû (2) (we drop the explicit k dependence in this paragraph). Assuming horizontal plane mirror symmetry, thus without helicity, the kinetic energy density is
and the polarization tensor density is
A detailed presentation of this decomposition can be found in 15 
e (2) e ( contribute to E(k, θ) (eq. (7)). The polar modes (i.e. θ 0) contribute to horizontal kinetic energy, whereas equatorial modes (i.e. θ π/2) contribute to both vertical (along e (2) ) and horizontal
(along e (1) ) kinetic energies.
The analysis can be even more refined when considering the scale dependence of the poloidal/toroidal anisotropy. In eq. in figure 5 ) so that all curves for b e 33 collapse. However, with this scaling, the evolution of b Z 33 is still very different for the various cases. As N increases (i.e. the nonlinear interactions become more and more negligible compared to linear ohmic dissipation), the decay of b Z 33 is slower, clearly indicating that the polarization effect is triggered by a nonlinear phenomenon.
B. Angular energy spectra
Let us define angular energy spectra defined by
where T (k, θ) denotes the torus-shaped volume defined from k − ∆k/2 < |k| < k + ∆k/2 and θ − ∆θ/2 < θ < θ + ∆θ/2, with ∆k = 1 and ∆θ = π/10 the Fourier space discretization steps (blue domain in figure 4 ). f (θ) is the geometrical weighting function such that the angular spectra collapse in isotropic turbulence. Torus-averaged angular spectra E(k, θ) 
C. Correlation lengths
We present in this paragraph some results about correlation lengths, which can be computed directly from the angular dependent spectra, and we thus check that our simulations are free from any artificial confinement due to periodic boundary conditions. Let us introduce the velocity correlation lengths defined by
where r k = rδ kl is the two-point separation. In the current axisymmetric configuration, the most relevant anisotropy indicators involve the integral length scale with vertical separation but relative to either vertical or horizontal velocity components 15 :
The correlation length L is significantly smaller than the box size 2π, except for N = 5 for which the largest integral scale is about one third of the numerical box size. However, we have seen that the results for the case N = 1 and N = 5 are qualitatively very similar (see for example figures 6). We are therefore confident in the fact that our simulations are free from any spurious periodic effects.
Moreover, it is possible to isolate the contribution due to polarization looking at the quantity:
plotted on figure 7. This quantity has two main advantages: computing from equations (9) and (10), its departure from zero is only due to the polarization Z(k); secondly, this quantity is accessible experimentally and is thus of particular interest. Again, one observes on figure 7 that polarization is negligible in the linear case whereas a significant growth is observed in the nonlinear case.
In short, the anisotropic Lorentz force is responsible for a preferential dissipation leading to a turbulent flow independent of the vertical direction (see figure 1(b) ); this linear effect concentrates the kinetic energy among horizontal modes, as attested by the growth of b e 33 . Then, due to nonlinearity, the energy is anisotropically distributed among poloidal and toroidal components leading to a nonzero polarization and negative b Z 33 .
IV. THE ANALOGY WITH 2D-3C TURBULENCE
The quasi-static MHD turbulence is however far from being purely two-dimensional.
Although the flow tends to be invariant in the vertical direction, the vertical kinetic energy is not negligible compared to the horizontal one (and is even dominant in the linear regime).
This state is often referred to as two-dimensional, three-components (2D-3C) or "two-anda-half-dimensional" turbulence 18 . We now propose a simple description of the above results on directional anisotropy and polarization. We first write the Navier-Stokes equations for a flow independent of the vertical direction z, so that ∂/∂z = 0:
where u ⊥ = (u, v) is the horizontal velocity component and ∇ ⊥ the horizontal gradient. In both equations, the Lorentz force disappears altogether. Eq. (12) for the vertical velocity is that of a passive scalar, whereas eq. (13) Quasi-static 3D MHD using 512 3 Fourier modes. Blue/bottom: 2D-3C simulation using 512 2
Fourier modes (shifted down by two decades).
To assess the validity of this analysis, we perform two additional simulations. First, we compute the evolution of hydrodynamic turbulence from an initial 2D-3C state and a resolution of 512 2 . Figure 8 again showing clearly that the energy cascade is more efficient for the toroidal energy than for the poloidal one, resulting in a steeper slope for toroidal kinetic energy. Of course, many differences arise looking at figure 8(b) . This is due to the fact that quasi-static turbulence is not purely invariant in the vertical direction (see visualization on fig.1(b) ).
V. CONCLUSION
In conclusion, we have found indications that the final state of quasi-static MHD turbulence, reached after a time sufficient for developping a strong anisotropy, is analogous to 2D-3C hydrodynamic turbulence. The mechanism responsible for the transition from 3D isotropic turbulence to 2D-3C turbulence is subtle. It combines the anisotropic Joule dissipation, which is a linear phenomenon, and nonlinear energy transfers. If nonlinearities are neglected, this final state is characterized by a dominance of vertical kinetic energy 2 . However, from the quasi-2D state arising from Joule dissipation, nonlinearity induces different dynamics for toroidal/horizontal velocity components and for poloidal/vertical components.
The horizontal flow behaves like 2D turbulence whereas the vertical flow behaves like a passive scalar advected by 2D turbulence. Accordingly, the energy cascade (and thus the dissipation) is more efficient in the vertical direction, explaining the overall dominance of horizontal energy. We have also shown that the poloidal/toroidal decomposition and the distinction between directional and polarization anisotropy are fundamental to explain these physical phenomena. This description may help to explain the large scale anisotropy of some geophysical or astrophysical conducting fluid flows, with the possibility of coupling the 2D-3C model for the large scales to a specific turbulence closure at small scales, thus allowing to achieve very high Reynolds number simulations.
